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Ranking and unranking functions

For a list of combinatorial objects we can ask :
which position in the list of objects a given object has
determine the objet in a given position

rank C : C → {0,1, . . . , |C| − 1}

that maps x to the number of elements of C that are before x

unrank C : {0,1, . . . , |C| − 1} → C

that maps p to the object x such that rank C(x) = p
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Interest

the ordered list C is

unrank(0), unrank(1), unrank(2), . . .

unrank(p) yields a random object as long as p is a random
integer
the successor of a given object x can be computed as
unrank(rank(x) + 1)
to describe bijection between equinumerous classes

Even though these techniques are not efficient in general, they
can provide hints for solutions to the underlying problems and
enhance understanding of the concerned objects.
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We are interested in ranking and unranking methods for simple
yet non-trivial combinatorial classes : permutations avoiding a
pattern of length three

The order we consider is the lexicographic order and some of
its variations
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If C is a set of length-n words over an ordered alphabet, then
the rank of w = w1w2 . . .wn ∈ C, in lexicographic order, is

rank(w) =
n∑

i=1

|Ei |,

where for each i , Ei is the set of words u1u2 . . . un ∈ C with
uj = wj for j < i and ui < wi
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π = 2341

rank(π) = rank(2341)

= 6 + 2 + 1 = 9

1234
1243
1342
1324
1423
1432
2134
2143
2314
2341
· · ·
· · ·
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Patterns in permutations

σ = σ(1)σ(2) · · ·σ(k)
π = π(1)π(2) · · ·π(n)
be permutations, k ≤ n

π contains σ
⇕

π contains π(i1)π(i2) · · ·π(ik ) order isomorphic to σ
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123, 132, 213, 231, 312, 321
Avn(τ)
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123, 132, 213, 231, 312, 321
Avn(τ)
If τ is a pattern of length 3, then card(Avn(τ)) = cn
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⊕ and ⊖

σ a length-k permutation
τ a length-ℓ

π = σ ⊕ τ

π(1)π(2) · · ·π(k) = σ

π(k + 1)π(k + 2) · · ·π(k + ℓ) is a permutation of
{k + 1, k + 2, . . . , k + ℓ} order isomorphic with τ

Similarly

σ ⊖ τ
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231-avoiding permutations

π avoids 231
⇕

π = (1⊖ σ)⊕ τ

where
σ and τ are 231-avoiding permutations

Reifegerste, On the diagram of 132-avoiding permutations,
2003
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The 231-avoiding permutation
2173546 = (1⊖ 1)⊕ (1⊖ (1⊕ ((1⊖ 1)⊕ 1)))
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Proposition

Let π = (1⊖ σ)⊕ τ be 231-avoiding permutation, with

σ ∈ Avℓ(231)
τ ∈ Avk (231)

The rank of π, in lexicographical order, is given recursively by

rankAvn(231)(π) =∑π(1)−1
i=1 ci · cn−i−1 + rankAvℓ(231)(σ) · ck + rankAvk (τ)
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• For 1 ≤ i < π(1),

π(1)−1∑
i=1

ci · cn−i−1 =

# of length-n 231-avoiders ρ with ρ(1) < π(1)
•

rankAvℓ(231)(σ) · ck =

# of 231-avoiders ρ = (1⊖ σ′)⊕ τ ′ with ρ(1) = π(1) but σ′ < σ
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Proposition
Let n, p be integers, 0 ≤ p < cn
unrankAvn(231)(p) is obtained recursively as follows
Determine the smallest k such that

(k = π(1))

p <

k∑
i=0

cicn−i−1

and denote
s :=

∑k−1
i=0 cicn−i−1,

u := ⌊ p−s
cn−k
⌋, and

v := p − s − u · cn−k

Then unrankAvn(231)(p) = (1⊖ σ)⊕ τ
where

σ = unrankAvk−1(231)(u), and
τ = unrankAvn−k (231)(v)
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321-avoiding permutations

π avoids 321
⇕

the subsequence of its left-to-right maxima
and

the subsequence of its remaining elements are increasing
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A 321-avoiding permutation is uniquely determined by its
• one-line representation
• left-to-right maxima
• corresponding Dyck path, or
• Dyck word

Proposition

Avn(321) Ψ−→ Dn

Dn
Ψ−1
−→ Avn(321)

preserve the lexicographical order
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Ballot sequences are prefixes of Dyck words

B(i , j) the set of ballot sequences with i occurrences of b and j
occurrences of a

card(B(i , j)) = t(i , j) =
(i+j

i

) i−j+1
i+1 , 0 ≤ j ≤ i

Catalan triangle A009766,

Similarly, B̄(i , j) is the set of suffixes of Dyck words

For s(i , j) =
∑j

k=0 t(i , k) we have

s(i , j) = t(i + 1, j)
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i \j 0 1 2 3 4 5 6 7
0 1
1 1 1
2 1 2 2
3 1 3 5 5
4 1 4 9 14 14
5 1 5 14 28 42 42
6 1 6 20 48 90 132 132
7 1 7 27 75 165 297 429 429

The Catalan triangle
(
t(i , j)

)
0≤j≤i
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Proposition

For π a length-n 321-avoiding permutation with (mi , ℓi)
k
i=1

mi ’s are the lrmp’s of π
ℓi = π(mi) are the lrmv’s

rankAvn(321)(π) =
k∑

i=1

(s(n −mi + 1, n −max{ℓi−1,mi})

− s(n −mi + 1, n − ℓi + 1))

(ℓ0 = 0)
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Idea of proof
π a 321-avoiding permutation and
(m1, ℓ1), (m2, ℓ2), (mi−1, ℓi−1), (mi , ℓi), · · ·
its left-to-right maxima (position, value)

σ a 321-avoiding permutation and
(m1, ℓ1), (m2, ℓ2), (mi−1, ℓi−1), · · ·
with σ(mi) < ℓi = π(mi)

t
tttt

ℓi

ℓi−1

mi−1 mi

t
t
t

ℓi

ℓi−1

mi−1 mi

keeping m1 · · ·mi

mi is not longer a ltrm
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Unranking Dyck words

Procedure for computing the Dyck word of semilength n and
rank p

procedure UNRANKDYCK(n, p : integer)
global d : array
i ← n, j ← n
for k from 1 to 2n do

if i = j or p ≥ t(i − 1, j) then
dk ← b ; p ← p − t(i − 1, j) ; i ← i − 1

else dk ← a ; j ← j − 1
end if

end procedure

Here t(i , j) = card(B(i , j)), so t(i , j) = t(j , i)

Kása, Generating and ranking of Dyck words, 2009
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Proposition

For n, p with 0 ≤ p < cn unrankAvn(321)(p) is obtained as follows :
run the UNRANKDYCK procedure to construct the Dyck
word w of semilength n and rank p
construct the set {(mi , π(mi))}ki=1 of left-to-right maxima
(values, positions) of the permutation Ψ−1(w)

Finally, construct the permutation unrankAvn(321)(p)
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Other length-3 patterns?

321 231
123 132 213 312

321 r←→
c

123

231 r←→ 132

c

xy xyc
213 r←→ 312
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Proposition

Let τ ∈ {213,123} be a pattern (c(τ) ∈ {231,321}). Then,
for π ∈ Avn(τ)

rankAvn(τ)(π) = cn − rankAvn(c(τ))(c(π))− 1

for p, 0 ≤ p < cn

unrankAvn(τ)(p) = unrankAvn(c(τ))(cn − p − 1)
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Proposition

for π ∈ Avn(τ)

rank∗Avn(τ)
(π) = rank Avn(r(τ))(r(π))

for p, 0 ≤ p < cn

unrank∗Avn(τ)
(p) = r(unrank Avn(r(τ))(p))
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Open problems

extend these results to multiple patterns of length 3
to avoidance of patterns of size greater than 3
the efficient (time and space) implementation of these
methods
other order relations (Gray code order?)
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Grazie per la vostra
attenzione !
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