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The major index has the same distribution as the inversion
number for multiset permutations
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The major index has the same distribution as the inversion
number for multiset permutations

@ 1916: using generating functions by MacMahon
@ 1968: using a constructive bijection by Foata
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Main results

@ We give new constructive bijection (¢) between
permutations with a given
e number of inversions, and
e major index
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Main results

@ We give new constructive bijection (¢) between
permutations with a given
e number of inversions, and
e major index

@ Introduce a new statistic, mix, related to the Lehmer code

@ Show that the bistatistic (mix, INV) is Euler-Mahonian
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Main results

@ We give new constructive bijection (¢) between
permutations with a given
e number of inversions, and
e major index

@ Introduce a new statistic, mix, related to the Lehmer code
@ Show that the bistatistic (mix, INV) is Euler-Mahonian

@ Introduce the McMahon code for permutations which is the
major-index counterpart of Lehmer code and show how the
two codes are related
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@ jis adescent of 7 if m; > 71 and the descent set of 7 is
the set of its descents.
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@ jis adescent of 7 if m; > 71 and the descent set of 7 is
the set of its descents.

Example
6 5 2 4 1 3
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@ jis adescent of 7 if m; > 71 and the descent set of 7 is
the set of its descents.

Example
6 5 2 4 1 3
1 2 4
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@ jis adescent of 7 if m; > 71 and the descent set of 7 is
the set of its descents.

Example
6 5 2 4 1 3
1 2 4

@ A statistic on &, is a function
Gn — N
@ bistatistic is a function

Gn%NXN
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@ (i,j)is aninversion of 7 € & if i < jbut m; > 7;
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@ (i,j)is aninversion of 7 € & if i < jbut m; > 7;

@dest=card{i|1<i<n—1,m>m1},

SZKI A new Euler-Mahonian constructive bijection



@ (i,j)is aninversion of 7 € & if i < jbut m; > 7;

@dest=card{i|1<i<n—1,m>m1},

o MAT= >

1<i<n
TG>T

SZKI
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@ (i,j)is aninversion of 7 € & if i < jbut m; > 7;

@dest=card{i|1<i<n—1,m>m1},

o MAT= >

1<i<n
TG>T

@ INVm =card{(/,j) |1 <i<j<nm>m}.
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Lehmer’s code

An integer sequence it .. . I, is subexcedent if

0<t<i—1

The set of n-length subexcedent sequences is

Sp={0} x{0,1} x...x{0,1,...,n—1}.
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Definition
The Lehmer code is a bijection

code: 6, — S,
which maps

T{T2 ... T — Hl... Iy

where {; is the number of inversions (j, /) in
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Definition
The Lehmer code is a bijection

code: 6, — S,
which maps

T{T2 ... T — Hl... Iy

where {; is the number of inversions (j, /) in 7 (or equivalently,
the number of entries in = larger than 7; and at its left)
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Definition
The Lehmer code is a bijection

code: 6, — S,
which maps

T{T2 ... T — Hl... Iy

where {; is the number of inversions (j, /) in 7 (or equivalently,
the number of entries in = larger than 7; and at its left)

Example
T =6 5 2 4 1 3
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Definition
The Lehmer code is a bijection

code: 6, — S,
which maps

T{T2 ... T — Hl... Iy

where {; is the number of inversions (j, /) in 7 (or equivalently,
the number of entries in = larger than 7; and at its left)

Example
i =
code(mn) = t =

oo
—- O
NN
n A~
N o=
w w
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Definition
The Lehmer code is a bijection

code: 6, — S,
which maps

T{T2 ... T — Hl... Iy

where {; is the number of inversions (j, /) in 7 (or equivalently,
the number of entries in = larger than 7; and at its left)

Example
i =

6 52 4 1 3
code(r) = t = 0 1 2 2 4 3
n

INVT ="t

i=1
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For n, Kk and u

0<k<u<n

let define p, x € &, as the permutation obtained from the
identity in &, after a left circular shift of the segment of length
k + 1 ending at position u
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For n, Kk and u

0<k<u<n

let define p, x € &, as the permutation obtained from the
identity in &, after a left circular shift of the segment of length
k + 1 ending at position u

Example (in Ss)

ps1=13245
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For n, Kk and u

0<k<u<n

let define p, x € &, as the permutation obtained from the
identity in &, after a left circular shift of the segment of length
k + 1 ending at position u
Example (in Ss)

p31=13245

p32=23145
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For n, Kk and u

0<k<u<n

let define p, x € &, as the permutation obtained from the
identity in &, after a left circular shift of the segment of length
k + 1 ending at position u

Example (in Ss)

psq =13245
p32=23145
ps3=13452
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Puk =

1 - u—k-1 u-k u—k+1 - u u+1 - n°
1 oo u—k-1 u—k+1 u—k+2 -~ u—k u+1 --- n

/
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Every permutation = € &, can be recovered from its Lehmer
codet=Htt...th € S, by

T = Pnty Pn—Aty g - Piti -+ P2, " Py

]
= [t
i=n
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Remark

Every permutation = € &, can be recovered from its Lehmer
codet=Htt...th € S, by

T = Pnty Pn—Aty g - Piti -+ P2, " Py

]
= [t
i=n

Code_1 (t1 t2 e tn) = H pl',t,'

i=n
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target: 6 5 2 4 1 3
1 2 3 4 5 6

code(652413) =
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target: 6 5 2 4 1 3
1 2 3 4 5 6
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target: 6 5 2 4 1 3

w o®

code(652413) =
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target: 6 5 2 4 1 3

w o®

= P6,3

code(652413) =3
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target: 6 5 2 4 1 3

2 3 4 5 6
12 4 5 6 3 = p6,3

code(652413) =3
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target: 6 5 2 4 1 3

1 2 3 4 5 6
12 4 5 6 3 = p6,3
2 4 5 6 1 3

code(652413) =3
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target: 6 5 2 4 1 3

1 2 3 4 5 6
1 2 4 5 6 3 = P63
2 4 5 6 1 3 = P63 P54

code(652413) =43
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target: 6 5 2 4 1 3

1 2 3 4 5 6
1 2 4 5 6 3 = P63
2 4 5 6 1 3 = P63 P54

code(652413) =43
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target: 6 5 2 4 1 3

1 2 3 4 5 6

1 2 4 5 6 3 = p6,3

2 4 56 13 = 6,3 " 5.4
2 5 6 4 1 3

code(652413) =43
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target: 6 5 2 4 1 3

1 2 3 4 5 6

1 2 4 5 6 3 = p6,3

2 4 56 13 = 06,3 " 5.4

2 5 6 4 1 3 = P63 P54 P42

code(652413) =243
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target: 6 5 2 4 1 3

1 2 3 4 5 6

1 2 4 5 6 3 = p6,3

2 4 56 13 = 06,3 " 5.4

2 56 413 = P63 P54 " P42

code(652413) =243
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target: 6 5 2 4 1 3

1 2 3 4 5 6

1 2 4 5 6 3 = p6,3

2 4 56 13 = 06,3 " 5.4

2 56 413 = P63 P54 " P42
5 6 2 4 1 3

code(652413) =243
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target: 6 5 2 4 1 3

1 2 3 4 5 6

1 2 4 5 6 3 = p6,3

2 4 56 13 = 06,3 " 5.4

2 5 6 4 1 3 = P63 P54 P42

5 6 2 4 1 3 = P63 P54 P42 P32

code(652413) =2243
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target: 6 5 2 4 1 3

1 2 3 4 5 6

1 2 4 5 6 3 = p6,3

2 4 56 13 = 06,3 " 5.4

2 5 6 4 1 3 = P63 P54 P42

5 6 2 4 1 3 = P63 P54 P42 P32

code(652413) =2243
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1 2
1 2
2 4
2 5
5 6
6 5

3
4
5
6
2
2
2

A BhOOTLD

4

—_ A a0 O

target:
6
3 = P63
3 = P63
3 = P63
3 = P63
3

code(652413) =2243

Vincent VAUINOVSZKI

6 5 2 4 1 3

P54
"P5,4 " P42
"P5.4 P42 P32
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OO = =

2
2
4
5
6
5

3
4
5
6
2
2
2

A DO OTLD

4

—_ —_ A a0 O

target:

= P6,3
= P63
= P6,3
= P63
= P63

WWWWwwoe

code(652413) = 12243

Vincent VAUINOVSZKI

6 5 2 4 1 3

' P54

* P54 P42

* P54 P42 P32

* P54 P42 P32 P21
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OO = =

2
2
4
5
6
5

3
4
5
6
2
2
2

A DO OTLD

4

—_ —_ A a0 O

target:

= P6,3
= P63
= P6,3
= P63
= P63

WWWWwwoe

code(652413) = 012243

Vincent VAUINOVSZKI

6 5 2 4 1 3

' P54

* P54 P42

* P54 P42 P32

* P54 P42 P32 P21
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Bijections ¢ and ¢

For n, k and u

0<k<u<n

let define [[u, k]| € &, as the permutation obtained after k right
circular shifts of the u-length prefix of the identity in &,
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Bijections ¢ and ¢

For n, k and u

0<k<u<n

let define [[u, k]| € &, as the permutation obtained after k right
circular shifts of the u-length prefix of the identity in &,

Example (in S5)
[, 1] =31245
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Bijections ¢ and ¢

For n, k and u

0<k<u<n

let define [[u, k]| € &, as the permutation obtained after k right
circular shifts of the u-length prefix of the identity in &,

Example (in S5)

[3,1] =31245
[3,2]] =23145
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Bijections ¢ and ¢

For n, k and u

0<k<u<n

let define [[u, k]| € &, as the permutation obtained after k right
circular shifts of the u-length prefix of the identity in &,
Example (in S5)

[3.1] = 31245

[3,2] =23145

[5,3]] =34512
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1 2 -k k+1 - u u+1 - n
u—k+1 u—k+2 --- u 1 o u—k u+1 - n
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¢3Sn—’6n

ew Euler-Mahonian constructive bijectio



¢3Sn—’6n
Y(tl... th) =

[l - O =1t 60 (2080 [, 6] =
1
[T 1
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@ Every permutation in &, can be uniquely written as

1
H[[L ti]

for some f’s (next Lemma)

SZKI A new Euler-Mahonian constructive bijection



@ Every permutation in &, can be uniquely written as

1
H[[L ti]

for some f’s (next Lemma)

@ {pikto<k<i<n and {[[/, k]| }o<k<i<n are both generating sets
for &,
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@ Every permutation in &, can be uniquely written as

1
H[[L ti]

for some f’s (next Lemma)

@ {pikto<k<i<n and {[[/, k]| }o<k<i<n are both generating sets
for &,

@ [[/, k]| can be viewed as a MAJ counterpart of p; x
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Lemma
The function

¢3Sn—’6n

1
(it .. th) = _H[[i, ]l

is a bijection
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target: 5 2 1 6 4 3
1 2 3 4 5 6
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target: 5 2 1 6 4 3

I N
(G20 \ V]
» W
SN
N O
w o,

= [[6,3]]
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target: 5 2 1 6 4 3

(621 V]
o w
NN
N o
w o

= [[6,3]]
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target: 5 2 1 6 4 3

N O

= [[6,3]]

o O N
- O W
NN = A
W wo
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target: 5 2 1 6 4 3

1 2 3 4 5 6
4 5 6 1 2 3 = [[6, 3]]
5 6 1 2 4 3 = [[6,3]] - [[5, 4]
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target: 5 2 1 6 4 3

12 3 45686
456 123 =[63]
1.2 4 3 =[63]-[54]
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target: 5 2 1 6 4 3

1 2 3 45 86
456 12 3 =[63]

1.2 43 = [[6, 3] - [[5. 4]]
1 2 4 3
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target: 5 2 1 6 4 3

1 2 3 45 86

456 12 3 =[63]

5 6 1 2 4 3  =[63][54]

1 2 5 6 4 3  =[63][54][4 2]
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target: 5 2 1 6 4 3

1 2 3 45 86
456 12 3 =[63]
5 6 1 2 4 3  =[63][54]
2 5 6 4 3 =[63][54] [4.2]
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target: 5 2 1 6 4 3

1 2 3 4 5 6
456 12 3 =[63]
5 6 1 2 4 3 =[63][54]
2 56 4 3 =[63][54-[4.2]
2 5 6 4 3
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target: 5 2 1 6 4 3

1 2 3 45 86

456 12 3 =[63]

5 6 1 2 4 3  =[63][54]

1 2 5 6 4 3  =[63][54][4 2]

2 516 43 = [[6,3]] - [[5, 4] - [4, 2] - [[3, 2]]
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target: 5 2 1 6 4 3

1 2 3 45 86
456 12 3 =[63]
5 6 1 2 4 3  =[63][54]
1 2 5 6 4 3  =[63][54][4 2]
5 1 6 4 3 = [[6,3]] - [[5, 4] - [4, 2] - [[3, 2]]
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target: 5 2 1 6 4 3

1 2 3 4 5 6
456 12 3 =[63]
5 6 1 2 4 3 =[63][54]
12 5 6 4 3 =[63][54][42]
5 1 6 4 3 = [16,3]] - [[5,4] - [[4. 2] - [[3,2]]
5 1 6 4 3
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target: 5 2 1 6 4 3
1 2 3 4 5 6
4 5 6 1 2 3 = [[6, 3]]
5 6 1 2 4 3 = [[6, 3]] - [[5, 4]|
1 2 5 6 4 3 = [[6,3]] - [5,4]] - [4,2]]
2 51 6 43 = [[6,3]1- [[5,4]1 - [4,2]) - [[3, 2]
52 16 43 = [16,3]] - 15,411 - [, 2] - [[3. 2] - [12, 1]]
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¢:65— Gp

¢(m) = (1)

with ¢ being the Lehmer code of 7 is a bijection
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¢:65— Gp

¢(m) = (1)

with ¢ being the Lehmer code of 7 is a bijection

¢ = 1 o code
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¢: 65— Gy

¢(m) = (1)

with ¢ being the Lehmer code of 7 is a bijection

¢ = 1 o code
code
S, Sh
N "
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Definition

We say that 7 € G, is k-separate, 1 < k < n, if there exists an ¢
such that = can be written as the concatenation of three
‘segments’ (the first two of them possibly empty)

T =TT ... TYT4ATY42 - - - Tk—A TkTk41 - --Tn (1)
with
o m<mforalliandj, 1 <i<j</florl+1<i<j<k-—1,
and
o m>m>mforalliandj, 1 <i</l<j<k-—1.
By convention we consider that the identity in &, is
(n+ 1)-separate.

Vincent VAJNOVSZKI A new Euler-Mahonian constructive bijection



gy

i

The permutation 911121346851027 € &4, is 8-separable
(and so j-separable for 1 < j < 8).
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Lemma

Letw € &, be k-separate
Fori,vwithO<v<i<k

o=mx-iVv]

a) If m has no descents at the left of k, then v is the unique
descent in o at the left of k

Otherwise, let £ be the (unique) descent in 7 at the left of k.
In this case:

b) ifv <i—/¢, then !+ v is the unique descent in o at the left

of k
c) ifv>i— ¢, then o has two descents at the left of k: i and
vV—i+{
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If  is k-separate, then for alli and v, 0 < v < i< k
@ 7 - [[i,Vv]| is i-separate
@ MAJ(m - [[i,V]]) = MAIT + v
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Corollary

If  is k-separate, then for alli and v, 0 < v < i< k
@ 7 - [[i,Vv]| is i-separate
@ MAJ(m - [[i,V]]) = MAIT + v

V.

For every m € &, we have MAJ ¢(m) = INV 7.

A,
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Corollary

If  is k-separate, then foralli andv,0 <v < i<k
@ 7 - [[i,Vv]| is i-separate
@ MAJ(m - [[i,V]]) = MAIT + v

Theorem

| A\

For every m € &, we have MAJ ¢(m) = INV 7.

| \

Corollary

Z qMAJo _ Z qINV(r

ceSy c€Gp

N
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The mix statistic

Z gN\ve = Z olakd

ceGp ceGp
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The mix statistic

Z mix o gNve = Z tdeso olakd

ceGp ceGp
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Definition
Fort=tt...tp € Spletb=bibs...b,_1 be a binary
sequence with

° n—1 n
D ibi=>14
j=1 j=1

b is called the multi-radix (binary) array of ¢
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Definition
Fort=tt...tp € Spletb=bibs...b,_1 be a binary
sequence with

° n—1 n
D ibi=>14
j=1 j=1

o foralli>1

n n—1 n
Dh—i<d B>,
j=i j=i j=i

b is called the multi-radix (binary) array of ¢
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Example

multi-radix
t sequence of t
00014 1001
00203 0110
01031 1001
01220 0110
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Example

multi-radix
t sequence of t
00014 1001
00203 0110
01031 1001
01220 0110
r.=0;
fori:=ndownto 1do
r=r+t;
ifi<r;
then bj:=1;r:=r—1i;
else b :=0;
endif
enddo
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Definition
@ Fort € S,, mixtis the number of 1-bits in its multi-radix
array
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Definition
@ Fort € S,, mixtis the number of 1-bits in its multi-radix
array
@ Form € &, mixm = mix t where t is the Lehmer code of 7
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Definition
@ Fort e S,, mixtis the number of 1-bits in its multi-radix
array
@ Form € &, mixm = mix t where t is the Lehmer code of 7

Formally, mix = = mix code(~)

and we extend des and mix statistics to set-valued functions.
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Let
D: S, — o{1.2,..,n-1}

be the set-valued function which maps a permutation to its
descent set
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Let
D: S, — o{1.2,..,n-1}

be the set-valued function which maps a permutation to its
descent set

des = card D(~),

MAJ T = Z i

ieD(w
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Define
M: S, — o{1,2,..,n—1}

as the set of positions of 1-bits in the multi-radix array of the
Lehmer code of =
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Define
M: S, — o{1,2,..,n—1}

as the set of positions of 1-bits in the multi-radix array of the
Lehmer code of =

mix 7 = card M(~),

INV 7T = Z i

ieM(r)

A new Euler-Mahonian constructive bijection
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For every subset T of {1,2,--- ,n— 1}, we have

card{m € &, |M(7) = T} = card{7 € &,|D(7) = T}.
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For every subset T of {1,2,--- ,n— 1}, we have

card{m € &, |M(7) = T} = card{7 € &,|D(7) = T}.
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The statistic mix is Eulerian.
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The statistic mix is Eulerian.

The bistatistic (mix, INV) is Euler-Mahonian, or equivalently,

Z tmiXquvU _ Z tdeSaqMAJU‘

oeGp ceGp
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@ mix can be seen just as a new Eulerian partner for
inversions [M. SKANDERA,(2001)]
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@ mix can be seen just as a new Eulerian partner for
inversions [M. SKANDERA,(2001)]

@ Another Euler-Mahonian bistatistic is (exc, den) with
@ exc = the excedance number
o den the Denert statistic,
thus den is a Mahonian partner for the excedance number
[D. FOATA AND D. ZEILBERGER (1990)]

Vincent VAJNOVSZKI A new Euler-Mahonian constructive bijection



From Lehmer code to McMahon code

For w € &, the sequence s = 5155 ... S, such that

1
™= _H[[f, sill

is called the McMahon code of =

Vincent VAJNOVSZKI A new Euler-Mahonian constructive bijection



From Lehmer code to McMahon code

Definition
For w € &, the sequence s = 5155 ... S, such that

1
™= _H[[f, sill

is called the McMahon code of =

Equivalently, the McMahon code of 7 is ¢~ ()
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From Lehmer code to McMahon code

Definition
For w € &, the sequence s = 5155 ... S, such that

1
™= _H[[i, sill

is called the McMahon code of =

Equivalently, the McMahon code of 7 is ¢~ ()
how the Lehmer code and McMahon code are related?
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Let

A:Sn—>8n

b ...th— A(t) = S1S2...8p

@ s, = tp, and
@ s;i=(ty1—t) modifor1<ji<n-—1.

Vincent VAJNOVSZKI A new Euler-Mahonian constructive bijection



Let

A:Sn—>8n

b ...th— A(t) = S1S2...8p

@ s, = tp, and
@ s;i=(ty1—t) modifor1<ji<n-—1.

Example
A(012243)=010243
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Ai‘l :Sn_> Sn

S1Sg...Sn»—>A71(S):t1l'2...tn

@ {, = sp, and
@ ti=(tiyy+s) modifor1 <i<n-—1.
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If m € &, has its Lehmer code t = 11> . . . ty, then its McMahon
code is A(t)
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If m € &, has its Lehmer code t = 11> . . . ty, then its McMahon
code is A(t)
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Corollary
For any m € &, the McMahon code s = s1So ... Sy Of
satisfies:

@ sj=card{j|1 <j< i,ﬂ'j € [mizq, i)} ifmivq < mj,
@ si=card{j|1 <j<im¢&][m, 7]} elsewhere,
with the convention that 7, 1 = n+ 1.
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For a subexcedent sequence

t:t1t2t3...tn_1tn68n

define its complement t¢ as the subexcedent sequence

tC=t(1—-b)2—-1t)...(n—2—thr1)(n—1—1y)
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For a subexcedent sequence

t:t1t2t3...tn_1tn68n

define its complement t¢ as the subexcedent sequence

tC=t(1—-b)2—-1t)...(n—2—thr1)(n—1—1y)

For a permutation

T = T{T2T3 ...Tn_1Tn

define its complement as

7% = (n+1—m)(n+1—m2)(n+1—73) ... (n+1—mp_1)(N+1—7)
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@ code1(t°) = (code™(t))°
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@ code1(t°) = (code™(t))°

Foranyt € S,, we have
(i) A(t?) = (A(1))",

(i) A7) = (A71(1))°,
(iii) (%) = ((1))°.
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@ D(y(t%)) ={1,2,...,n—=1}\ D(¢(1))
@ M(code™'(t)) = ((code—1 o A~N(1)

)-
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© D(y(t%)) = {1,2,...,n =13\ D(¥(1)
t

)
@ M(code™'(t)) = ((code—1 o A~N(1)).

Question: can the previous results be naturally generalized to
multiset permutations?
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